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Abstract
A recent experiment [W. A. Shelton et al., Phys. Rev. E 71, 036204 (2005)] measured the response
of a nanorod trapped in a viscous fluid to the torque produced by an incident optical frequency
electromagnetic wave. The nonlinear differential equation describing this motion is similar that of
a damped, driven pendulum. The overdamped limit of this equation has been solved analytically.
We analyze the properties of this solution in comparison to the observations of the experiment and
find very close agreement.
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I. INTRODUCTION
Experimental study of the motion of nanoscale objects in fluids has been a topic of con-
siderable interest in recent years [1–5]. There is a considerable range in the parameters of the
systems that can be constructed for study, including the relative magnitudes of the viscous
forces versus the inertial forces. These systems are also typically subject to external fields
whose magnitudes and rates of variation can be varied. Finally, the presence of surfaces near
the nano-object can markedly change the motion. Achieving a theoretical understanding of
the resulting data presents interesting problems in nonlinear science.
The theoretical study reported here grows out of experiments employing optical torques
applied to nanoscale objects, performed by the Bonin group [1, 2]. Their system consisted of
a nanoscale, anisotropically polarizable dielectric rod, held in a viscous medium by an optical
trap, and torqued by a rotating electromagnetic field oscillating at an optical frequency.
The first experiment [1] was complicated by the nearness of the nanorod to the walls of
the apparatus. The second experiment [2] employed a method to isolate the nanorod from
the walls. Newton’s Second Law for rotation gives the equation of motion for the nanorod.
The net torque is a sum of the contributions from the torque produced by the incident
electromagnetic wave acting on the induced electric dipole moment of the rod and from the
frictional torque of the viscous medium. Since the rate of oscillation of the electromagnetic
field is many orders of magnitude more rapid than the motion of the rod, this elementary
equation of motion was averaged over many of these oscillations to obtain an equation
involving only slowly varying quantities. For the parameters of the particular experimental
system of interest [2], the damping forces were much greater than the inertial forces, so the
inertial term was neglected. The resulting first-order nonlinear ordinary differential equation
has been solved analytically. We present this solution and apply it to the experiment of
Ref. [2].
There have been previous experimental [3, 4] and theoretical [6] investigations of the
driven rotation of a nanoscale magnetic object with a fixed permanent magnetic moment
torqued by a rotating magnetic field. These descriptions of its motion indicate that it is
very similar to that obtained for the system investigated here, viz. a polarizable dielectric
object driven by an electric field.
In the following, Sec. II describes the system, Sec. III gives the solution of the overdamped
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equation of motion, describes its properties, and compares it to the experimental data, and
Sec. IV summarizes our results.
II. DESCRIPTION
The experimental arrangement is described in detail by Shelton et al. [2], and the reader
is referred to that paper for figures showing the configuration. (By clicking on the online
link included in Ref. [2] and navigating to Fig. 3 on that web page, the reader can see
the figure corresponding to the description here.) The system consists of a cylinder (the
nanorod) made from insulating material (borosilicate glass), held in an optical trap in a
viscous medium (water), and driven by an incident linearly polarized optical beam. Its
diameter is approximately one-half micron and its length is a few microns. The design of
the optical trap ensures that the nanorod aligns with its long axis perpendicular to the
propagation direction of the optical beam, so that the rod’s motion is confined to a plane.
The electric field E of the optical beam induces a dipole moment p in the nanorod according
to p =
↔
α · E, which results in a torque τ = p × E. The tensor polarizability ↔α describes
the anisotropy caused by shape birefringence [7–9], which produces a moment p that is not
parallel to E. Although the beam is nominally linearly polarized, its plane of polarization
is rotated by passing it through a mechanically rotated half-wave plate; the polarization
plane rotation rate Ω is very slow compared to the optical frequency ω. The torque created
by the anisotropic polarizability and the rotation of the polarization of the light beam
causes the nanorod to rotate in a plane perpendicular to the beam’s propagation direction.
Newton’s Second Law for rotation then gives for the equation of motion (EOM) of this
system. However, as just described, this EOM contains the very rapidly oscillating electric
field and the much more slowly moving nanorod. Therefore, it is appropriate to average
out the rapidly varying part, which gives an ordinary differential equation (ODE) for only
the slowly changing variable. The details of this procedure are described in Appendix A of
Ref. [2]. The result is the ODE
I
d2θ
dt2
= N sin [2 (Ωt− θ)]− γ dθ
dt
. (2.1)
Here θ is the angle of rotation angle of the nanorod with respect to some fixed axis; we will
refer to it as the physical angle. I is the moment of inertia of the nanorod, N is the torque
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amplitude, Ω is the angular velocity of the polarization plane of the optical beam, and γ is
the rotational drag coefficient of the viscous medium. The torque amplitude is determined
by the amplitude of the electric field of the light beam E0 and by the difference of the
principal values of the polarizability parallel and perpendicular to the axis of the nanorod:
N = 1
4
(
α‖ − α⊥
)
E20 .
Typical values for the parameters are also given in Ref. [2]: I = 3 × 10−28 kg · m2,
γ = 3.8× 10−20 kg ·m2/s, N = 1.14× 10−18 kg ·m2/s2. The value of Ω, the angular rotation
frequency of the linear polarization, can be varied in the range of 3 - 300 rad/s. The angular
vibrational frequency of the optical beam is Ωopt = 3.67 × 1015 rad/s. This value is much
larger than the angular rotation frequency of the polarization plane of the optical beam, so
the beam is truly slowly rotating linearly polarized light, not circularly polarized light. As
already stated above, this very high frequency has been integrated out to obtain the EOM
in Eq. (2.1).
III. SOLUTIONS
The combination of variables appearing in Eq. (2.1) motivates introducing a new depen-
dent variable
φ = 2(Ωt− θ), (3.1)
which we will refer to as the auxiliary angle. The EOM Eq. (2.1) in terms of this variable is
I
d2φ
dt2
+ γ
dφ
dt
+ 2N sin φ = 2γΩ. (3.2)
Next we ask if there are any stationary solutions of Eq. (3.2), that is constant solutions
with φ˙ = φ¨ = 0. Such solutions must satisfy
sin φ =
γΩ
N
. (3.3)
For these stationary solutions, one sees from Eq. (3.1) that such solutions describe uniform
rotation of the physical angle θ with the same angular velocity as the polarization of the
optical field. Clearly such solutions exist when the parameters are such that 0 < γΩ/N < 1,
and in fact there are two solutions of Eq. (3.3), with φ in the range 0 < φ < π. A
stability analysis of these two solutions, based on Eq. (3.2), shows that the one in the range
0 < φ < π/2 is stable, and the one in the range π/2 < φ < π is unstable [10].
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This search for stationary solutions has identified an intrinsic frequency scale
Ωc =
N
γ
= 30 rad/s, (3.4)
where the value for Ωc is obtained from the typical values of the parameters of the experiment
listed in Sec. II. We use Ωc to introduce a dimensionless time as a new independent variable,
u = 2Ωct. (3.5)
In terms of this new variable, the EOM in Eq. (3.2) becomes
ǫ
d2φ
du2
+
dφ
du
+ sinφ = r, (3.6)
where the two dimensionless parameters are
r =
Ω
Ωc
, ǫ =
2NI
γ2
=
2IΩc
γ
. (3.7)
The ratio r is the control parameter, the ratio of the experimentally controllable angular
rotation velocity of the optical polarization to the critical value from Eq. (3.4). In terms of
r, the stable stationary solution of Eq. (3.3) is
φ = sin−1(r), (3.8)
with the customary understanding of the principal value range of the inverse sine function.
Using the typical values from Sec. II the parameter ǫ is about 4.7 × 10−7; this very small
value justifies identifying ǫ as the perturbation parameter and dropping the first (inertial)
term from Eq. (3.6). Thus we base the subsequent analysis on the first-order nonlinear
inhomogeneous ordinary differential equation,
dφ
du
+ sinφ = r. (3.9)
Equation (3.9) has the same form as the dimensionless EOM of an overdamped pendulum
in a gravitational field and driven by a constant torque. In his monograph [11] Strogatz
presented a qualitative analysis of it that illustrates the salient features. Previously Adler [12]
gave the analytic solution, in the context of an electronic oscillator circuit. We describe his
solution in our notation and adapt it to the details of the experiment discussed here [2].
The ODE in Eq. (3.9) is separable and can be formally integrated as
∫ φ
0
dφ′
r − sin φ′ =
∫ u
0
du′ = u. (3.10)
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In writing Eq. (3.10), we assumed the initial condition that at time zero, u = 0, the nanorod
has initial physical angle and also auxiliary angle equal to zero. The experimental initial
orientation is not known, so we are free to take the initial orientation of the nanorod to
define the axis for measuring angles. Thus the assumptions used in writing Eq. (3.10) are
without loss of generality.
The integral in Eq. (3.10) was executed by Adler [12] and nowadays can be performed
using mathematical software packages. The result can then be inverted to obtain a solution
for the auxiliary angle, φ(u). The result depends on whether the control parameter r is less
than or greater than unity, so we present these two cases in turn.
A. Case r < 1
For this parameter range the solution for the auxiliary angle is
φ(u) = 2 tan−1


1−√1− r2 tanh
[
1
2
√
1− r2 u+ tanh−1
(
1√
1−r2
)]
r

 . (3.11)
From Eq. (3.11), one sees that
lim
u→∞
φ(u) = 2 tan−1
{
1−√1− r2
r
}
= sin−1(r), (3.12)
i.e. at large time this solution asymptotically approaches the stable stationary solution
found in Eq. (3.8). This solution for the auxiliary angle, for three different values of the
control parameter r, is shown in Fig. 1. For these solutions, at large u the physical angle θ
rotates uniformly at angular velocity Ω. Graphs of θ versus physical time t, from Eqs. (3.1)
and (3.5), would asymptotically become straight lines with slope Ω and with an r-dependent
offset due to the approach of the auxiliary angle φ to its asymptotic value.
In Fig. 6 of Ref. [2], those authors present a fit to their data for the physical angle θ, for
r = 0.85; it is
θexp(u) = 0.423u+ 0.03 (3.13)
(converted from their physical time scale t in seconds to dimensionless time u). In our Fig.
2 we compare the combination of our Eqs. (3.1) and (3.11) to their fit, Eq. (3.13). The left
panel shows the comparison over the full time range presented in Ref. [2]. The experimental
data and the theoretical equation agree quite closely. The right panel shows the comparison
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FIG. 1. (Color online) The auxiliary angle φ(u) versus u for three values of r smaller than unity.
From bottom to top, the values are r = 0.33, 0.66, 0.99. The horizontal lines are the asymptotic
values sin−1(r) for the corresponding r values, from Eq. (3.12).
FIG. 2. (Color online) Comparison of the experimental fit to the theoretical result for the physical
angle θ for r = 0.85. The fit to the experimental data [Eq. (3.13)] is the dotted lines, and the
theoretical equation [Eq. (3.11)] is the solid lines. The left panel shows the comparison for the
whole range of time measured by the experiment. The right panel shows the comparison for short
times.
of the short time behavior, near u = 0. Equation (3.13) for the data is a linear function of
u. We perform a series expansion on Eq. (3.11) and combine it with Eq. (3.1) to find that
the theoretical formula for the physical angle θ(u) is not linear but is initially quadratic,
θ(u) =
1
4
ru2 − 1
12
ru3 + · · · . (3.14)
Thus for small times the experimental and theoretical descriptions differ, as shown in the
right panel of Fig. 2.
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This analysis of the short time behavior is somewhat artificial. The first-order ODE
Eq. (3.9) allows only the specification of the initial angle, and the initial auxiliary angular
velocity is then determined. The combination of Eqs. (3.9) and (3.1) require the initial
angular velocity of the physical angle to be zero, as is also seen from Eq. (3.14). The more
complete EOM, Eqs. (2.1) or (3.2), being second-order ODEs, also require specification of
the initial angular velocity, but this second initial condition can not be dealt with by Eq.
(3.9). Therefore the lesson to be drawn from the right panel of Fig. 2 is to appreciate how
rapidly the overdamped motion sets in and not to focus on the disagreement between the
data and the theory for short time.
B. Case r > 1
For this parameter range, we see from Eq. (3.9) that when r > 1, the derivative dφ/du
is always positive, so φ(u) is a monotonically increasing function. The solution of Eq. (3.9)
that has this property is
φ(u) = 2 tan−1
{
1 +
√
r2 − 1 tan [f(u)]
r
}
+ 2π⌊f(u)
π
+
1
2
⌋. (3.15)
Here ⌊x⌋ denotes the largest integer less than x, and the other function introduced here is
f(u) =
1
2
√
r2 − 1 u− tan−1
(
1√
r2 − 1
)
(3.16)
Standard differential equation techniques to solve Eq. (3.9) [or to integrate Eq. (3.10)]
give just the first term of Eq. (3.15), but that term alone is not sufficient to describe the
motion of the nanorod for r > 1. First, the first term of Eq. (3.15) is a periodic function
of u instead of being monotonically increasing. Second, by convention the range of the
inverse tangent function is restricted to the interval (−π/2,+π/2), but the actual range
of the nanorod angle is unbounded. Third, the first term of Eq. (3.15) is discontinuous
because the tangent function jumps from +∞ to −∞ every time f(u) passes an odd integer
multiple of π/2 as u increases; the actual motion of the nanorod is continuous. All of these
shortcomings of the first term of Eq. (3.15) are overcome by adding the second term. At each
value of u where the first term of Eq. (3.15) has a discontinuity, the second term removes it
by adding an additional 2π. In this way we obtain a solution of Eq. (3.9) that is continuous
and monotone increasing (as seen in the subsequent figures).
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The analysis here somewhat mirrors that in Ref. [12], but the equivalent of Eq. (3.15)
does not appear in that paper. The reason may be that the variable φ in Ref. [12] is the
phase difference between two signals in an electronic circuit, so that only phase factors e,g.
cosφ and sin φ are important. Thus the value of the phase can be considered modulo 2π.
In the experiment of Ref. [2], the physical angle θ (and therefore the auxiliary angle φ) is
measured and is visually observed to perform many revolutions, so to compare with that
data it is necessary here to calculate its actual value.
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FIG. 3. (Color online) The auxiliary angle φ(u) (left panel) and the physical angle θ(u) (right
panel) for r = 1.1. Equation (3.1) is the relation between the two angles.
Equation (3.15) for the auxiliary angle is plotted in Fig. 3 (left panel) for a particular value
r = 1.1. The experiment measures the physical angle θ, which is related to the auxiliary
angle φ by Eq. (3.1); the physical angle is also shown in Fig. 3 (right panel) for r = 1.1. The
physical angle has “flipbacks” (so-called in Ref. [2]), i.e. intervals where dθ/du is negative.
The bursts of rapid change of the auxiliary angle seen in the left half of Fig. 3 are periodic,
as described by the tangent function in Eq. (3.15). Since the period of the tangent function
is π, the period Tu (with respect to dimensionless time u) of the intervals between large
velocity changes is
Tu =
2π√
r2 − 1 →
√
2π√
r − 1 as r → 1
+. (3.17)
The last step shows that this period increases without bound as r → 1 from above with a
square root singularity. This increase in the time between the rapid changes is seen in Fig.
4 (left panel), which plots φ(u) for three different r-values approaching unity from above.
The right panel of Fig. 4 shows the corresponding curves for the physical angle θ(u). One
also sees here that the average angular velocity of the physical angle i.e. 〈dθ/du〉 increases
for r → 1+, in qualitative agreement with the experiment (Fig. 9 of Ref. [2] for r > 1).
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FIG. 4. (Color online)The auxiliary angle φ(u) (left panel) and the physical angle θ(u) (right panel)
for three values of r (r = 1.02, 1.003, 1.0005) approaching unity from above, showing the increase
in the period of the rapid angular changes for r → 1+. In the left panel the r-values decrease
towards 1 going from the top curve to the bottom one. In the right panel the sequence is reversed:
r decreases toward 1 from the bottom curve to the top.
Reference [2] includes a figure showing the physical angle θ(u) in comparison to the
rotation angle of the light polarization, so we show the same comparison in Fig. 5, for the
same r-value, r = 1.041. The two figures are nearly the same, but in the experimental one
the increase of θ(u) with time has intervals with different behaviour, due to experimental
features such as variation in the rotation speed of the half-wave plate that is rotating the
polarization plane of the light or variation in the experimental Ωc due to drifts in properties
of the experimental apparatus. None of those things happens in the theoretical equations.
C. Average Angular Velocities
The authors of Ref. [2] summarized their data by plotting the average physical angular
velocity 〈dθ/dt〉 as a function of the plane of polarization rotation rate Ω. Here we show that
our analytical results in Eqs. (3.11) and (3.15) provide a confirmation of their conclusions.
The average rotation rates of the physical angle and the auxiliary angle are related by
the average of the derivative of Eq. (3.1),〈
dθ
du
〉
=
1
2
r − 1
2
〈
dφ
du
〉
. (3.18)
The average value of dφ/du over an interval (u1, u2) is obtained from〈
dφ
du
〉
=
1
u2 − u1
∫ u2
u1
dφ
du′
du′ =
φ(u2)− φ(u1)
u2 − u1 . (3.19)
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FIG. 5. (Color online) The polarization angle Ωt = ru/2 (the straight line) and the physical
angle θ(u) (the jagged curve) for r = 1.041. Ref. [2] has this same graph in their Fig. 7 with the
experimental data.
.
The evaluation of the last expression in Eq. (3.19) depends on the value of r.
1. r < 1
For this case φ(u) is monotonic [Fig. 1], so we take the interval to be from u1 = 0 to
u2 = ∞. Then the numerator of Eq. (3.19) is the value in Eq. (3.12), and the denominator
is infinite, so 〈
dφ
du
〉
= 0. (3.20)
From Eq. (3.18), 〈dθ/du〉 = r/2, which, when converted to physical time t, gives
〈
dθ
dt
〉
= Ω, Ω < Ωc. (3.21)
This result confirms both the result in Ref. [2] and our statement after Eq. (3.12) that graphs
of θ(t) are asymptotic to straight lines with slope Ω.
2. r > 1
In this range of r, we recognize from Fig. 3 that the average is the same over any interval
between two successive points where f(u) [Eq. (3.16)] equals an odd multiple of π/2, for
example the two points where f(u1) = π/2 and f(u2) = 3π/2. From Eq. (3.16) we determine
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the denominator of Eq. (3.19) to be u2− u1 = 2π/
√
r2 − 1. To obtain the numerator of Eq.
(3.19) we use Eq. (3.15). The values of u1 and u2 are points where the two terms of Eq.
(3.15) have cancelling discontinuities, so the evaluation is simplest if we take u1 and u2 to
approach the endpoints of the interval from its interior. The result is φ(u2) − φ(u1) = 2π.
We substitute these values into Eq. (3.19) and obtain
〈
dφ
du
〉
=
√
r2 − 1. (3.22)
We convert this result to the physical angle θ and physical time t, and obtain
〈
dθ
dt
〉
= Ω−
√
Ω2 − Ω2c , Ω > Ωc. (3.23)
This equation shows that the average physical angular velocity increases as Ω approaches Ωc
from above, as is shown in the right panel of Fig. 4. It also agrees with the result of Ref. [2].
IV. DISCUSSION
In this paper we have compared the analytic solution of the EOM for an overdamped,
driven nanorod to its measured motion. In agreement with the experiment, the analytic
solution identifies two regimes with qualitatively different motions. The distinction is based
on the ratio of the rotation frequency of the polarization plane of the incident light providing
the torque to a frequency scale intrinsic to the system. When this ratio is smaller than one,
the rod rotation monotonically approaches uniform rotation following the polarization of the
light field. When the ratio is larger than one, the rod rotation is non-uniform and exhibits
“flipbacks”, where the angular velocity reverses for short time intervals. One feature, not
apparent in the experimental data but which comes out of the analytic solution, is that the
time interval between flipbacks diverges as this ratio approaches unity from above.
In Sec. III we introduced a frequency scale Ωc with a corresponding time-scale
tB =
γ
2N
= 1.67× 10−2 sec, (4.1)
in terms of which the dimensionless time is u = t/tB. The ODE for the auxiliary angle
φ using this time scale is Eq. (3.6), in which a perturbation parameter ǫ is identified [Eq.
3.7)]. It is small when evaluated with the parameter values in Sec. II. The solution we
have obtained in Sec. III is the ǫ = 0 or zeroth-order (in perturbation theory) solution.
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Since ǫ appears in the highest-order derivative term in Eq. (3.6), that term is a singular
perturbation [13], e.g. the full second-order ODE has more linearly-independent solutions
than the first-order ODE for ǫ = 0 (be careful to distinguish between the order of the
ODE and the order in perturbation theory). This formulation has the advantage that the
zeroth-order (in perturbation theory) solution correctly identifies the qualitatively different
types of motion that occur when the control parameter is less than or greater than unity, in
agreement with the experiment.
Another combination of the parameters in Eq. (2.1) with dimension of time is
tK =
I
γ
= 7.89× 10−9 sec, (4.2)
when evaluated using the parameter values in Sec. II. This scale is much smaller than the
tB scale and is inaccessible by the experiment described in Ref. [2]. If we use this scale to
define a different dimensionless time
s =
t
tK
, (4.3)
then the ODE for the auxiliary angle is
d2φ
ds2
+
dφ
ds
+ ǫ(sin φ− r) = 0. (4.4)
Here the perturbation is the nonlinear term, instead of the highest-order derivative term,
and the ǫ = 0 equation (zeroth-order in perturbation theory) is linear. With the same initial
condition employed in Eq. (3.10), the solution of the ǫ = 0 equation is
φ(0)(s) = ω0(1− e−s), (4.5)
where the superscript (0) denotes the order in perturbation theory and ω0 is the initial
value dφ/ds|s=0. This solution is qualitatively similar to the r < 1 case only of the solution
obtained in Sec. III. Uncovering the distinction between the r < 1 and r > 1 cases would
have to emerge from higher orders in perturbation theory using this formulation of the
problem.
One can observe that
ǫ =
tK
tB
, (4.6)
so that the disparity of these time scales is equivalent to ǫ having a small value, when these
constants are evaluated with the system values given in Sec. II. One can speculate that
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the motion might be much different if the system parameters were such that the two time
scales tK and tB were more nearly comparable, which could be achieved with changes such
as smaller damping, larger moment of inertia, or larger torque amplitude. However, if one
is searching for more complicated motions, it is useful to rewrite the second-order ODE
Eq. (3.2) as a set of first-order ODEs. Since Eq. (3.2) is autonomous, there are only two
equations, which are
ω(t) =
dφ(t)
dt
, I
dω(t)
dt
= 2γΩ− γω(t)− 2N sin[φ(t)]. (4.7)
These equations identify that the phase space of this system is two-dimensional, which
has the consequence that the Poincare´-Bendixson [14] theorem says that chaotic motion is
impossible.
Since the publication of [2], further work related to it has been done. In addition to [4], we
list several several papers that utilize the optical trapping and/or optical torquing techniques
that are used in the experiment of [2]. On the theoretical side more elaborate calculations
have been performed of the forces and torques exerted by an electromagnetic field with
various polarization states on objects of different shapes and polarizabilities [15–17]. On the
experimental side varied work has been done. Diamond nano-crystals with nitrogen-vacancy
defects have been held by optical traps and their ESR spectra studied to understand the
dynamics of the nanocrystals in a viscous medium [18]. A system similar to that of [2] has
been studied in [19]; this experiment also includes an extensive analysis of the effects of
random noise torques on the dynamics of the trapped object. Finally, these techniques of
optical trapping and optical torquing have been applied to the study of molecular motions
in biological systems [20].
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